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Let W be a finite reflection {or Coxeter) group and K: R* — R. We define the
concept of total positivity for the function K with respect to the group W. For the
case in which W= &,, the group of permutations on n symbaols, this notion reduces
to the classical formulation of total positivity. We prove a basic composition for-
mula for this generalization of total positivity, and in the case in which W is the
Weyl group for a compact connected Lie group we apply an integral formula of
Harish-Chandra (Amer. J. Math. 79 (1957), 87 120) to construct examples of
totally positive functions. In particular, the function K(x,v)=e", {x,y)eR? is
totally positive with respect to any Weyl group W. As an application of these
results, we derive an FKG-type correlation inequality in the case in which W is the
Weyl group of SO{5). #1995 Academic Press. Inc.

1. INTRODUCTION

This paper continues our work on the theory of total positivity and its
connections with noncommutative harmonic analysis. In our earlier papers
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[7, 16], we related the classical notion of total positivity to analysis on the
unitary group U{n). In the theory developed and applied in those papers,
integration over the unitary group became a powerful technique for
proving total positivity. Yet, despite its obvious utility, the appearance of
the unitary group in the study of total positivity seemed an inspired act of
providence. In this paper we broaden the group theoretic context to
include all nonabelian compact Lie groups, to extend the classical concept
of total positivity, and to establish new positivity theorems. From the
standpoint of our prior work, this expanded perspective introduces a
framework relative to which the association of the unitary group to the
classical concept of total positivity is completely natural.

By way of background, we briefly examine the main theme in [7, 16].
Let % < R? and r a positive integer. A function K: & — R is totally positive
of order r [12] if the nx n determinant

Kis,,t)) K(s\,ty - K(s,t,)
det(Kis,, 1)) K(sz;’ t) K(Sz;' 1) - K(s?, t,) (L1

K(S,;,tl) K(-";;»tz) K(-V,;,t,,)
is nonnegative for all n=1,.,r and for all s,>. . .>s and
ty> - - - >t, such that (s;, 1,) € 2. For the case in which K{x, y)= f(x))

where /2 R — R is a real-analytic function, we associated to the function f
a sequence of real-valued functions ,, such that for all n=1, 2, ...

det(K(s,. 1)) = V(s) V(1) L W (usie 1) du. (1.2)
J(rn)

Here, du denotes Haar measure on U(n) normalized to have total volume
one; s=diag(s,, .., s,) and r=diag(¢,, .., t,) are diagonal matrices such
that all products s;,(j,k=1,..,n) lie in the domain of f, and
Ms)=1Ti<;<x<nls;—5;) denotes the Vandermonde determinant. It is
then obvious that the function K is totally positive of order r if the func-
tions 1, are nonnegative, n=1, .., . We then applied (1.2) in the case in
which the function fis a classical hypergeometric function. For in that con-
text the functions ¥, can be expressed in terms of hypergeometric functions
of matrix argument [ 6, 7] which, for appropriate values of the parameters
and argument, can be shown to be positive. These results are noteworthy,
not only in regard to the relevancy of the unitary group, but also in that
the theory of hypergeometric functions of matrix argument leads to new
results for classical generalized hypergeometric series.

We turn now to the present work. Let W be a finite reflection group;
that 1s, a finite subgroup of the orthogonal group. In this paper we define
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the notion of total positivity with respect to W of a function K: R* - R. To
motivate the definition, let us observe that the symmetric group S, on »
symbols is an example of a reflection group, that the generalized orthant
{(s15 s 5,): 8> - >5,} is a fundamental Weyl chamber (cf. (2.2) below)
for €,, and that the determinant in (1.1) may be viewed as an alternating
sum over &,. We now make the following general definition: For any finite
reflection group W, we will say that a function K:R*— R is totally
positive with respect to W if an analogous alternating sum over W (given
by (3.1) below) is nonnegative whenever the vectors (s, .., s,) and
(ty,..,t,) belong to a fundamental Weyl chamber of W. The connection
between this viewpoint and the results of [7,16] arises in the case in
which W is the Weyl group of a compact Lie group. In this situation, we
apply an integral formula of Harish-Chandra [8] to prove that the func-
tion K(x,y)=e" on R? is totally positive with respect to W. In the
case in which W is the Weyl group of U(n) we recover the proof given
in [7].

Let us briefly indicate how our results lead to new inequalities for totally
positive functions. Consider again, for example, the case in which
K(x, y)=e", and let

o(sy, 8258, 1) =

saf|”

e.\*]l] e.\‘u‘z ‘

e’ ¢

Since K is TP, in the classical sense, 6(s,, §,;¢,,1,)>0 for s, >s,, t; > ¢,.
Now define

D(s), s25t,, 1) =08(s1, 835 8,, 1) —(—5,, 855 1), 13)

—O(sy, =825 1, )+ (=8, =535 11, 13).

If s;,>5,>0 and ¢,>1,>0 then, by ordinary total positivity, d&(s,, $5;
1, 1,)>0, O(—s5,,5:,¢8,1,)<0,6(s,, —$5;2,,4,)>0 and J(—s,,—s,;
t,,t,)<0. However, we will deduce from Harish-Chandra’s formula that
Di(s,,5:51,,1,)>0 for all 5;,>s,>0 and ¢, >, >0, so that we have the
stronger inequality

08y, 825 8, t3) —0(—$,,5,; 11, 13)
> |0(s1, =825 8, t) — (=5, =555 1y, )] (1.3)
Of course, {1.3) can be proved by elementary methods; indeed, it is equiv-

alent to the fact that sinh x >0 for x > 0. However, by means of alternating
sums over finite reflection groups, we will obtain more general inequalities,
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xy

not only in the case of the function K{(x, y)=e¢*™ but also for broader
classes of functions.

We close the introduction by describing the layout of the results to
follow. In order to provide a self-contained treatment of our results, we
present in Section 2 a brief exposé of the theory of abstract root systems,
finite reflection groups, and Weyl chambers. In Section 3, we introduce the
alternating sums which generalize the classical determinants, establish
generalizations of two well-known properties of determinants and derive a
generalization of the Binet—-Cauchy formula. We give the definition of total
positivity for finite reflection groups and we also derive a basic composition
formula for the new definition of total positivity. Section 4 treats back-
ground material on Lie groups and Lie algebras, and Harish—-Chandra’s
integral formula. In Section 5, we give a detailed statement of Harish—
Chandra’s formula for the groups of unitary and orthogonal matrices. In
Section 6, we provide numerous examples of totally positive functions. For
the unitary groups, we show that the resulting notion of total positivity
coincides with the classical definition. In the case of the orthogonal groups,
our definition of total positivity can be rewritten as the requirement that
certain alternating sums of determinants are nonnegative.

One of the major applications of the classical theory of total positivity
is to the derivation of correlation inequalities for probability distributions
on R" [2, 10, 13]. Therefore, it is natural to speculate that the new con-
cepts of total positivity introduced here should also have similar
probabilistic applications. In Section 7, we briefly recall the classical FKG
correlation inequality on R”. Then we utilize total positivity with respect to
the Weyl group W of SO(5) to derive an analog for W of the FKG
inequality on R”.

Finally, it is with great pleasure that, on the occasion of his sixtieth
birthday, we dedicate this paper to Richard Askey. We do this not only
because of his many kindnesses to us, but also because he has been a true
leader in the art of proving positivity.

2. FiNiTE REFLECTION GROUPS

We begin with some background material on abstract root systems.
Proofs of our assertions, and the fully developed theory, can be found in
most books on Lie groups and Lie algebras; cf. [3, 5, 11, 15].

Let E be an n-dimensional Euclidean space with inner product (-, -).
A hyperplane in E is a set of the form P,= {veE: (v, a)=0},xe E\{0}.
A reflection in E is an invertible linear transformation o, leaving pointwise
fixed some hyperplane P, and sending any vector orthogonal to P, into its

640:82/1-5
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negative. Each reflection is an orthogonal transformation, given by the
formula

2(v, a)
&
(o, a)

for all veE.

2.1. DEFINITION. A subset 4 of the space E is a (reduced) root system if
the following conditions hold:

(R1) 4 s finite, spans E, and 0 ¢ 4,

(R2) If «, fe 4 are proportional, then a=f or a= —f;
(R3) If ae 4, the reflection o, leaves 4 invariant;

(R4) Ifa, fed, 2(B a)(a,a)eZ.

The elements of A are called roots. We will always assume that A4 is
irreducible;, that is, 4 cannot be written as a nontrivial disjoint union,
A= 4,0 4,, relative to which every root in 4, is orthogonal to every root
in 4,.

Let GL(E) denote the group of all invertible linear transformations of E.
For any root system 4 < E, let W denote the subgroup of GL(E) generated
by the set of reflections {o,:xc 4}. It follows from property (R3) that W
permutes the set 4, so that W can be identified with a subgroup of the sym-
metric group on the finite set 4. Hence W is a finite group, called the Wey/
(or Coxeter) group of A.

A subset ¥ of A4 is called a base of simple roots, or a base, if ¥ 1s a vector
space basis of E and each root ff can be written as

=3 k, (2.1)

xe ¥

where the coefficients &k, are either all nonpositive or else all nonnegative
integers. Every root system has a base. Moreover, the number of elements
in a base, which equals the dimension of E, is referred to as the rank of 4.

If all the coefficients k, in (2.1) are nonnegative, we say that f is a
positive root. The collection of positive roots is denoted by 4, . A more
abstract approach to defining a system of positive roots is the following.
Let {e,, .., e,} be a fixed basis of E. For v € E, we say that v is positive, and
write v>0, if v=37_, x;e; with x,= ... =x, =0 and x,,,; >0 for some
k=>0. A root ae 4 is a positive root if it is positive as a vector in E.

The hyperplanes P,, a € 4, partition E into a finite number of subsets.
The connected components of E\|), P, are called the Wey! chambers of E.
Each Weyl chamber is an open convex subset of E. If Cis a Weyl chamber
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then the walls of C are those subsets C\() P, which have dimension n — 1.
Each vector ve E\|J, P, belongs to a unique Weyl chamber, denoted by
C(v). The Weyl group W is the group of permutations of all Weyl cham-
bers. Moreover, W acts simply transitively on the set of Weyl chambers;
that is, for any pair of Weyl chambers C,, C,, there exists a unique we W
such that wC, = C,.

For a given base ¥, the chamber

C¥)={veE: (v,x)>0forallae ¥} (2.2)

is called the fundamental Weyl chamber.
From now on, we assume that a base ¥ has been chosen and we denote
the corresponding fundamental Weyl chamber by €.

2.2. ExaMmpLE. Consider the usual n-dimensional Euclidean space R”,
and let {e,, .., e,} be the usual standard orthonormal basis of coordinate
vectors. Denote by x=(x,,..,x,) the vectors in R". Set 4={e,—e¢,:
1<j#k<n}. Then 4 is an abstract root system of rank n—1 for the
subspace E={x=(x, ., x,)eR" x, + --- +x,=0}. A system of positive
roots is A, ={e,—e:1<i<j<n} and a base is ¥={e,—e, ;:
1<j<n—1}. A fundamental Weyl chamber is €={(x,,..,x,)eE:
X, >x,> -+ >x,}. The Weyl group for 4 is &, the symmetric group on
n symbols, so that each Weyl chamber is of the form C={(x,, ... x,)eE:
Xty > Xz > - > X}, where we S,

In the general classification of irreducible root systems, or their
associated finite reflection groups, this example is a root system of
type A, _ .

We close this section with some general remarks on root systems. In the
general classification theory, the irreducible finite reflection groups are
categorized as belonging to various fypes. These types include five infinite
families: 4,, n=1; B,, n=2, C,, n22;, D,, n=4, H:. n>=5, n#6; and
seven additional types, denoted by £, E,, Es, F,, G,, I;, and I,. Of these,
the root systems of type 4,, B,, C,, D,, E,, F;, Eg, F,, and G, are
naturally associated with certain compact Lie groups, as we will outline in
Section 4.

3. ToTAL PoOSITIVITY

In the sequel, we identify the Euclidean space E with R”. As before,
4cR” is a root system with Weyl group W, and the natural action
of weW on reR" is by matrix multiplication, denoted w.t For
1=(t;,...1,)¢ R" and we W, we denote by (w - ), the jth component of the
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vector w - £. Further, we denote by det w the determinant of we W viewed
as a linear transformation on R”, and note that det(w)= +1 since each
we W is an orthogonal transformation.

The following definition generalizes the alternating sum formula for a
classical determinant.

3.1. DeFINITION. Let 2 < R* and W be a finite reflection group acting
on R” For any function K: % — R we define

DuwK(s,t)y=Y (detw) [] K(s;, (w-1),) (3.1)
we W j=1
for any s=(s,,..,s,) and t=(¢,, ... 1,) in R” such that (s, (w-¢))e & for
all j=1,.,nand we W.

For the case in which W= &,, the symmetric group on »n symbols, (3.1)
reduces to the classical formula for a determinant. For general W, D,
retains some of the properties of the classical determinant. The following
proposition, for example, generalizes two familiar determinant properties:
(1) If the columns of a determinant are permuted then the sign of the deter-
minant changes in accordance with the sign of the permutation. (ii) If two
rows of a determinant are identical then the determinant is identically zero.

3.2. ProposSITION. (1) If we W, and s5,:eR", then D K(s,w-t)=
(det w) D, K(s, 1).
(i1 If t belongs to a wall of a Weyl chamber then D, K(s, t)=0.

Proof. (i) Note that w'w~' traverses W as w' traverses W. Then,
by (3.1)

D, K(s,w-t)= Z (det w') ﬁ K(s;, (w'w-1)))

we W Jj=1

=y (detw’w‘l)f[K(Sj,(W"l‘)j)
j=1

wwlew

=(detw ') Z (det w") ﬁ K(s,, (w'-1);)
wew j=1

=(detw ') D, K(s, 1)
=(detw) D, K(s, 1)
where the last equality holds since w is an orthogonal transformation.

(i) If ¢ belongs to a wall of a Weyl chamber then there is a reflection
o, € W that leaves this wall fixed pointwise. Since o, is a reflection,
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det(g,) = —1. Therefore D, K(s,t)=D,K(s,0,-t)=det(o,) Dy K(s, 1) =
—DyK(s,t), so Dy K(s, t)=0.

3.3. DerINITION.  Let € be the fundamental Weyl chamber. A function
K: 9 — R is totally positive with respect to the group W if

DyK(s,t)=0 (3.2)

for any s=(s,, .., s,) and r=(¢,, .., ¢,) in € such that (s,, (w.1);) € P for
all j=1,.,n and all we W. If (3.2) is strictly positive for all s, 1€ then
we say that K is strictly totally positive with respect to W.

We remark in passing that for a given subset 2 of R it is possible, even
in the classical case in which W= &, and D . K is the classical determinant,
that the domain of DK is the empty set. We will assume throughout that
% is such that this pathology does not occur.

Proposition 3.2 describes two properties of classical determinants that
are common to D for all finite reflection groups W. On the other hand,
the invariance of the classical determinant under the interchange of rows
and columns does not necessarily extend to finite reflection groups in
general. For that reason, we make the following definition.

34 DrerFINITION. We say that the function K is W-symmetric if whenever
D, K 1s defined at (s, ¢) it is also defined at (w-s, ) for all we W, and

DuKis,w-1)=DyK(w-s, ).

We will also say that a nonnegative Borel measure x4 on R is invariant
under W if the product measure du(s,)---du(s,). s=(s,,..5,)eR", 1s
invariant under the action of ¥ on R”. Examples of W-invariant measures
are Lebesgue measure and the Gaussian measure du(x)=exp(—x?)dx.
These measures are W-invariant since the resulting product measures on R”
are invariant under all orthogonal transformations.

We next generalize the basic composition formula [12,p.17] to the
setting of finite reflection groups.

3.5. THEOREM. Let L and M be W-symmetric on R Suppose that both

L and M are totally positive with respect to W, let u be a W-invariant
measure on R, and define

K(x,y) = jR L(x, z) M(z, y) du(z) (3.3)

Sor (x, yy& R%, whenever the integral (3.3) converges absolutely. Then K is
W-symmetric and totally positive.
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Proof. By definition, for s={(s,, .., s,) and t=(1,, .., t,,),

Dy K(s, )= (detw) [] K(s;, (w-1);)
W

Ji=1

-Z(det w H f L(s i (we )} du(z)).
J=1
Interchanging the sum and integral, and recalling the definition of DM,
we obtain

D,,,.K(s,t)_f {HL 552 }D,,M ]_[du (3.4)

n

where { =(zy, .., z,,). Since D, M({, t)=0 if { belongs to the wall P, of a
Weyl chamber (Proposition 3.2 (ii)), (3.4) reduces to

D, K(s, t)=JR"\U ) [ IT Lis;, :/-)J D, M0 ]_[ du(z,

i=1 =
Writing R”\J, P, as a disjoint union of Weyl chambers,

R"\“\UPUI= J w-€

b we B’

we obtain

Dy-K(s, 1)= Z [ {1—[ 85, Z; :lD”MLI ndy

we prToEw € Ji=1

=2 f Q[H 8 (w L),)} D;,x—M(wf'-C,!)Hd#((w <))

we W Jj=1

Since D, M(w 4’ 1)y=Dy M w-t)=(detw) Dy M({,t) and TT}_, du((w-{)))
=1T)., du(z)), we obtam

D, K(s, z)_J [Z(det w) TT Lisys (w-0), } Dy M 1) T duz)
j=1

J=1

= | DwLis, ) DM 0) ] dutz))

j=1

It is now evident that if L and M are W-symmetric and totally positive
with respect to W, then K is also W-symmetric and totally positive with
respect to W.
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3.6. Remarks. (a) The last equation above,

Dy Kis, )= Dylis,0) DML 1) ] dulz) (35)
«

i=1

Is a generalization for finite reflection groups of the classical Binet—Cauchy
formula. Indeed, (3.5) is representative of a general group-theoretic con-
struction. If one replaces the determinant in (3.1) by any one-dimensional
representation y of W then (3.1) becomes

Dy K(s,ty="Y xtw) [T K(s;, (w-1))).
i=1

we i’

The function D, , satisfies the y-covariance property,
Dy K(s,w-1)=x(w) Dy K, t)

for s, e R” and we W, and the corresponding Binet-Cauchy formula

n

Dy, Kis )= [ Dy, L(s.0) D MU0 [T dutz)  (36)

j=1

holds, where K is given by (3.3). In particular, for y =1, (3.6) generalizes
the Binet-Cauchy formula for the permanent. Observations similar to these
have been made by Karlin and Rinott [14] and Stembridge [17] in their
generalizations of the Binet—Cauchy formula.

(b) The hypotheses of Theorem 3.5 can be relaxed as follows: Sup-
pose L is defined on %, = %, x %, and M is defined on &, = %, x &, where
%,, %, and & are subsets of R. Denote by %Y the Cartesian product
Y, X --- Yy (n factors), and assume that the subset 24" of R” is invariant
under W. Theorem 3.5 now holds with &, as the domain of integration in
(3.3) and @5 ~ € as the domain of integration in (3.5).

4. A ForMULA OF HARISH-CHANDRA

We now turn our attention to an integral formula of Harish-Chandra from
which we will generate examples of totally positive functions for certain
finite reflection groups W

By way of motivation for this formula, we first review the proof in [7]
that the function K(x,y)=e* on R? is totally positive in the classical
sense. For this function K, formula (1.2) takes the form

Vis) V(1) J ey = B det(e") (4.1)
Uiny
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where

Bu=T1 G—1) 42)

/=1

By expressing det(e%*) as an alternating sum over the symmetric group &,
we can rewrite (4.1) in the form

Zwew, elw)et

Vis) V(1) (4.3)

J. e(Adtu)-.vlr) duzﬁ,,
U(n)

where Ad(u)-s=usu~' is the adjoint action of ueU(n) on s=

diag(s,, .., 5,); &(w) is the sign of the permutation w; {s|t)> =tr(st); and
w-s=diag(s,1)> - S It follows immediately from (4.3) that the
alternating sum on the right-hand side of (4.3) is positive for all s, t.
Equivalently, the function K{x,y)=e" on R? is totally positive in the
classical sense.

As we now explain, (4.3) is a special case of Harish—-Chandra’s formula
for compact Lie groups. Since we do not assume that the reader is familiar
with Lie theory, we will provide enough background to understand the
ingredients in the formula. For a complete treatment of the structure theory
of compact Lie groups—and especially the interplay of compact groups
and root systems-—the reader should consult a reference on Lie groups, for
instance, [3, 9, 15, 18].

Let U be a compact connected Lie group. Without loss of generality U
can be taken to be a closed, bounded, and connected subgroup of the
general linear group GL(N, C) of complex nonsingular N x N matrices, for
some value of N. Denote by C¥** the space of complex N x N matrices. A
Lic algebra can then be thought of as a subspace of C¥*" that is closed
under commutators [ X, Y] = XY — YX. The Lie algebra is real or complex
according to whether it is closed under real or complex scalars, respec-
tively. In particular, the Lie algebra u of U is the collection of all Nx N
matrices X such that

S
€’X= Z —’X"
—o 1t

is in U for all reR. The exponential map X+ e*, while not one-to-one,
maps u onto U.
Given u e U we define the linear transformation Ad(u) on u by

Adu) - Y=uYu ! (44)
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for Yeu. The mapping u — Ad(u) is called the adjoint representation of U.
Correspondingly, the formula

ad(X)Y=[X, Y] (4.5)

for X, Yeu defines a linear transformation ad(X) on u, and the mapping
X ad(X) is called the adjoint representation of u. The representations ad
of u and Ad of U are related by the formula

Ad(etX) — et ad(Xx)

for all Xeu and teR.
Define the complex vector space g by

g=u+iu={X+iYeC"*M X, Yeu} (4.6)

where i=./—1. Then g is a complex Lie algebra called the complexifica-
tion of u. For each ue U, formula (4.4) makes sense for Yeg, Ad(u)
becomes a linear transformation on g, and the mapping ur— Ad(u)
becomes the adjoint representation of U acting on g. Similarly, formula
(4.5) i1s defined for X, Yeg, and the mapping X+ ad(X) becomes the
adjoint representation of g.

A Lie algebra is simple if it has no nontrivial ideals, is semisimple if it is
the direct sum of its simple ideals, and is reductive if it is the direct sum of
its center and a semisimple ideal. Correspondingly, a Lie group is simple,
semisimple, or reductive if its Lie algebra is simple, semisimple, or reduc-
tive, respectively.

A compact Lie group U is always reductive. Indeed, its Lie algebra u is
the direct sum of the center 3 and the semisimple ideal [u, u] generated by
all commutators. At the Lie group level, this splitting translates into the
following: There exists a semisimple subgroup U, of U such that each ue U
can be written

u=zu, (4.7)

where z e Z, the center of U, and uge Uy. For example, the unitary group
U(n) has a one-dimensional center consisting of the scalar multiples 7
where [ is the identity matrix, and so U(r) is reductive, the special unitary
group SU(n), consisting of those unitary matrices having determinant 1, 1s
simple; and SU(n) is the semisimple (in this case simple) part of U(n).
Thus, the general element u of U(n) is of the form u=e®u, where
uae SU(n) and 8¢ [0, 27).

A connected abelian subgroup of a compact Lie group U is called a
torus. Central to the structure theory for compact Lie groups is the
existence, and uniqueness up to isomorphism, of a maximal such subgroup.
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Thus, let T< U be a maximal torus of U, which is necessarily isomorphic
to a product of one-dimensional unitary groups U(1). Then 7 is a maximal
Abelian subgroup of U, and its Lie algebra t is a maximal Abelian sub-
algebra of u. Denote by t, the semisimple part of t. That is, t = 3@ t, where
3 1s the center of u and to =t~ [u, u].

Let h=t+ it be the complexification of t. Then b is a maximal abelian
subalgebra of g, the Cartan subalgebra, such that the linear transformations
ad(H) for Hel are simultaneously diagonalizable. Let h* denote the dual
space of h. For a e h* we set

g*={Xeqg [H X]=olH) Xforall Heb}.

o

If g* is nonzero we say that a i1s a root of g with respect to b and that g’
is the corresponding root space. We denote the set of roots by 4. Then each
root space is one-dimensional, g® =, and g decomposes as

g=h® Y ®g~ (4.8)

aed

Equation (4.8) is called the root space decomposition of g.

The next element of structure is the existence of a non-degenerate com-
plex bilinear form {-|[-> on g which is g-invariant in the sense that
X, Y)1Z>=—<Y|[X,Z]) forall X, Y, Zeg. From the invariance and
the root space decomposition, it follows that the restriction of this form to
b is non-degenerate. Moreover, the restriction of this form to the real sub-
space it of b is an inner product on /t. In particular, for each ae 4 there
exists a unique element H, €it, such that «(H)={(H|H,) for all He it.

For our purposes, what i1s most crucial is the following. If we lift the
inner product from ity to the dual space it¥, then E=it§ becomes a
Euclidean space in which the subset 4 of roots is an abstract root system
in the sense of Definition 2.1, and the theory described in Section 2 may be
applied. The Weyl group W for this root system is called the Wey! group
of the compact group U. In particular, we choose an ordering for the roots,
specify a system A, of positive roots, and define a fundamental Weyl
chamber €.

Now we can state Harish—Chandra’s formula.

4.1. THEOREM (Harish—-Chandra). For H,, H €l

Zwe widet w) e HilH
V(H,) V(H,)

J eCAJ HIHD
v
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where By is a positive constant, and

ViH)= [] «(H)
aedy

for any Hel.

Note that there is no loss of generality if in formula (4.9) we take U to
be semisimple. The reason is as follows: For any - € Z, Ad{z) is the identity.
Thus if we write ue U according to (4.7) as w=_:cu, then Ad(v)=
Ad(z) Ad(uy) = Ad(u,). In this way we can replace the integration over U
in {4.9) by integration over U, and all that changes is the value of the con-
stant .. We also remark that the constant f ;- can be computed explicitly
by several methods. However for our purposes it is sufficient to know that
B 1s positive,

For a proof of Theorem 4.1, we refer the reader to Harish-Chandra’s
original paper [8, Theorem 2, p. 104] or Helgason [9, p. 329].

5. THE UNITARY AND ORTHOGONAL GROUPS

In this section, we make Theorem 4.1 explicit both for the unitary groups
U(n) and the special orthogonal groups SO(n).

5.1. The Unitary Groups. From the remarks at the end of the preceding
section it suffices to consider the subgroup SU(») rather than U(n) itself.
Since SU(1) reduces to the identity, we assume that n = 2. Therefore, we set
U=SU(n}, and note that its Lie algebra is u=su(n), the Lie algebra of all
nxn complex skew-Hermitian matrices with trace zero.

The complexification of 1w is g = sl(n, C), the Lie algebra of all n x n com-
plex matrices with trace zero, on which an invariant bilinear form is given
by (X | Y)=tr(XY) for X, Yeg. As maximal torus 7 in U we take the
subgroup of diagonal matrices diag(e'”, .., ¢) where 6,,..,0,eR and
0,+ - +0,=0. Then the Lie algebra t of T consists of all diagonal
matrices diag(i0,, ..., i0,) with 0,4+ ..- +60,=0; t;=t; and the Cartan
subalgebra h of g consists of all diagonal nx»n complex matrices
H=diag(h,, .., h,) such that h, + --- +h,=0.

Define the linear functional e, on h by e (H) = h,, where H = diag(h,, ... h,,).
Also let E; be the n x n matrix with 1 in the (j, k}th position and 0 elsewhere.
Then the linear functional x = ¢, — ¢, , j # k, is a root of g with respect to b, the
corresponding root space is g* = CE;, and these linear functionals « exhaust all
of the roots. That is, 4 = {e,—e,: | <j#k <n}. If we identify the linear func-
tionalse,, .., e, with the standard basis of R”, then 4 is precisely the root system
encountered earlier in Example 2.2 and Harish-Chandra’s formula (4.9) for
SU(n) (or equivalently U{n)) is precisely (4.3).
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5.2. The Orthogonal Groups. We next examine Harish-Chandra’s for-
mula for the orthogonal group O(N) of real N x N matrices u such that
uu' = 1. Since in Theorem 4.1 we require a compact group to be connected,
we restrict attention to the special orthogonal subgroup SO(N), consisting
of those orthogonal matrices having determinant one. Since the group
SO(2) is abelian, we assume that N > 3.

Let U=SO(N). The Lie algebra of U is u=so{N), the Lie algebra of all
N x N real skew-symmetric matrices with trace zero. The complexification
of u is g=so(N, C), the Lie algebra of all N x N complex skew-symmetric
matrices with trace zero. An invariant bilinear form on g is given by
(XYY =tr{XY).

We remark in passing that the Lie algebras so(3) and su(2) are
isomorphic, as are the pairs so(4) and su(2) x su(2) as well as so(6) and
su(3). In each case the corresponding compact groups are locally
isomorphic, and locally isomorphic groups give rise to the same notion of
total positivity. In what follows we consider the cases N even and N odd
separately.

53. The Group SO(N), N=2n Fven. For the maximal torus 7 in
U =S0(2n) we take the group of all 2n x 2n block-diagonal matrices of the
form

cosf, sind,

—sin 8, cos#,
cosf, sind,
—sin @, cos 8,

cos @, sinf,
—sinf, cosf,

where €, .., 0, R. Then the Cartan subalgebra b in g is the complex Lie
algebra of all 2n x 2n complex block-diagonal matrices of the form

0 n
_‘hl 0

H= —~h, 0 (5.1)

where 4,, ..., h,eC.
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As in the case of the unitary groups, we could write out the root space
decomposition in detail; but since the computations, although routine,
are somewhat more lengthy than in the unitary case, we refer the inter-
ested reader to Knapp [15, Ch.4, p.60 ff]. We will write down the
root system, the Weyl group, and the fundamental Weyl chamber as
foillows.

Let {e,, .., e,} be the standard basis for R”. A root system for SO(2n)
is 4=1{ te,te:l <j<k<n}. In the general classification for root
systems, A4 1s a root system of type D,,.

A system of positive roots for SO(2n) is 4, ={e;+e,11<j<
k<n}. For a=e,+e,€d4, and H of the form (5.1), a(H)=h,+h, so
that

ViH)= 1 (h—hoth+hy= T (h;—h}).

lgj<k<n Il<j<k<n

Also, a fundamental Weyl chamber is €= {(h,, ... h,)eR" h;>h,> .- >

hnAI > ,hn '}
Let G(n) denote the group of permutations w of the set
{—n, ., —1,1,.,n} for which w(—j)= —w(/). If we let h, .., h, be n

symbols and define # ;= —h;, j=1,..,n, then G(n) acts on the set of
symbols {h_,,..h_, h, ., h,} by

W - (hla aeey hn) = (hw(l)’ -eey hw(n))'
The Weyl group of SO(2n) is SG(#n), the subgroup of G(n) consisting of
even permutations [3, p.171]. Put more simply, SG(n) is the group
generated by the permutation group €, together with an even number of

sign changes.
The action of G(n) carries over in a natural way to the Lie algebra b.

Let
0 1
b:
(5 o)

so that the matrix H in (5.3) may be written as the direct sum
H=hbDhbD  --- @h,b
Then the action of G(n) on b is given by
w-H=h,,b@®h, 6D - @h,,b (5.2

for we G(n) and Heb.
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With the above ingredients now in place, Harish-Chandra’s formula
for SO(2n) is as follows: If H =h, ;6@ h, ,6® --- ®h, b and H,=
hy \b@h, ,b® --- @h, b, then

Zu-e SG(n) (det “‘) €<w. el
VIH ) V(H,)

ZweSG(n) (det w) exp(z z_;’:] w‘(hl‘j) hz,_,’)
Hl<j<k<n (hij_h%.k)(hg_j_hg,k)

and the value of the constant fig,,, can be calculated to be

tr(uH u= VHa) _
J € du _ﬁSGUx)
SO(2n)

:ABSG(H)

BsGim = (2n—1)! n (/-1

54. The Group SO(N), N=2n+1 odd. Now let U=8SO{2n+1). A
maximal torus for U is the group T of all (2n + 1) x (2n + 1) block-diagonal
matrices of the form

cos), sinf,

—sin ), cosl,
cosf, sinéf,
—sinf, cosb,

cosfl, sind,
—sin 0, cos 0,
1

where 0, ..., #,€ R The complexification b of t is the Lie algebra of all
{(2n+ 1) x (2n + 1) block-diagonal matrices of the form

0 n
~h, 0

0o A,
—h, O

where /1, ... h,e C. A root system for SO(2n+1) is

d={tete 1<j<k<nfu{te:l<j<n}
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and a system of positive roots is
A, ={e;te1<j<k<n}ule:1<j<n}.
For ae A, and H of the form (5.3)

h,+h, if a=e¢;,+e,
Hy=:"7— k JF+tk
 H) {h. if a=e,

J

Then

ViHy=[1 (b —=hp) ﬂ

1<j<k$n

Moreover, a fundamental Weyl chamber is €={(4,.., A4,)eR"
h > - >h,>0}.

The Weyl group of SO(2n+1) is W=G(n), the reflection group
described earlier, and the action of G(n) on the Lie algebra b, in analogy
with (5.2), 1s given by

W - H: I1H'(]]b®hh'(2)b®h\ﬂll)h®0

for H of the form (5.3). Then, Harish-Chandra’s formula for SO(2n+ 1) is
as follows: If H,=h _b@®h ,b@ - ®h, ,b®0 and H,=h, bd
hy ,6® --- ®h, ,b®O, then

—1
en‘(ull[u Hn du

’{S()(Zn + 1)

ZweG(n) (det w) < Hil Hay
V(H,) V(H,)

/)) ZHGG(H)(det w exp(zz =] w(hl J) hZ j)
G(H)Hl<j</\<ﬂ hl, hl,k)(h 2. hzzz,k)n;=1hl.jh2,j

:ﬂG(n)

and the constant fig,,, is
n 4n — 1

Bowm= 12— [T /!

J=1 Jj=2n

6. ExAMPLES OF TOTALLY POSITIVE FUNCTIONS

Using Harish-Chandra’s formula, we obtain the first example of a
function that is totally positive function with respect to W.
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6.1. THEOREM. Suppose that W is the Weyl group for a compact Lie
group U. Then the function K(x,y)=e", (x,y)eR? is strictly totally
positive with respect to W.

Proof. With notation as in Section 4, suppose that the rank of the root
system 4 is n. Then the real vector space it, has dimension n, and relative
to a choice of basis we can identify it, with R”. Thus, we identify elements
H, and H, of it, with the vectors s=(s,, .., s,) and t= (¢, .., t,), respec-
tively, in R”. Now suppose s and ¢ are in the fundamental Weyl chamber
€. By Harish-Chandra’s theorem and the definition of D, K, we have

DyK(s,1)= Y (detw) [ e ¥4

we W =1
= Y (detw)ew it
we W

:ﬁ;Vl V(H]) V(Hz)J- e<Ad(")‘HI|H2> du.
U

Since s,1€€, it follows from the definition of V(H) that V(H,)>0,
V(H,)> 0. Also, e<Adt- #1120 5 since (Ad(u)- H, | H,) is real for all
ue U. Hence D, K(s, t)> 0 for all s, e €, which is the statement that K is
strictly totally positive with respect to W.

If W is the Weyl group of the compact Lie group U and the function
K: R?> - R is totally positive with respect to W then we will simply say that
K is totally positive with respect to U. Thus, a function K is totally positive
of order r in the classical sense if and only if K is totally positive with
respect to all the groups U(1), U(2), .., U(r).

We now construct examples of functions that are totally positive with respect
to the special orthogonal groups. In the case in which U = SO(2r + 1), recall that
the elements of the Weyl group W = G(n) can be viewed as permutations of the
set {1, .., n} together with up to n possible sign changes. Therefore, each w e W
is of the form w = ¢a, where o € &, is a permutation on n symbols, e = (¢,, .., &,)
witheg;= +1forallj=1,.,nand w=éeoactsons=(s,, .., 5,)ER"byw-5=
(€155(1)» - EnSqem). Writing out the sum in (3.1) with W= G(n), we have

Dy Kis, t)

= y ( 11 ej-) Y (deto) ]1[ K(s;, 85001005,

e1=%1, nbn=11 Nj=1 ceS, j=1
K(s,,e:t)) K(sy,e5t,) -+ K(sy,¢g,t,)
= Y (ﬁ g_> K(sy,€16y) K(sy,8205) - Kisy,8,1,)
=41 o tg=11 Nj=1 !
K(s,,e1t)) K(s,, e,t5) -+ K(s,,¢&,1,)

(6.1)
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Thus, the function X is totally positive with respect to SO(2n + 1) if (6.1)
is nonnegative for all s;,> --- >s5,>0and ¢,> --- >,>0.
As an example, substituting K(x, y)=¢", x, ye R, in (6.1), we obtain

"
Du»K(S’ )= Z det(o) Z H gje.\‘rr(})a‘lll/
e, =4l ;=41 j=1

n

Z (det 0') 1_[ (E‘Y”‘/)’J-e “'mr)’r)

ge Sy j=1

— det(e“‘/’“ e .vjlk)

=2"det(sinh(s,#,)).

Therefore, the strict total positivity of X with respect to SO(2n+1) is
equivalent to the well-known result that the function L(x, y)=sinh (xy),
x, yeR, , is strictly totally positive in the classical sense [12]. In the case
in which n=2 the strict total positivity of K with respect to SO(5), as
expressed through the positivity of (6.2), reduces to the inequality (1.3).

Let %, denote the class of even functions K: R? — R; that is, K( —x, —y) =
K(x, y). If Ke A, then it follows from (6.1) that D, K(s, w-t)=D . K(w -5, )
for all we G{n) and s, te R"; that is, K is W-symmetric in the sense of
Definition 3.4.

Let x4 be a positive Borel measure on R. Then we can show that y is
G(n)-invanant if and only if x is even; that is, du( —z) =du(z). To prove
this, note that x4 1s G(n)-invariant if and only if

fdﬂ(:l)-~-dﬂ(:,,)=f au(zy)---du(z,)
A w-A

for any w e G(n) and any Borel set 4 ¢ R”. Choosing A4 to be a Cartesian
product of intervals, it follows that u(l)=u(~—1I) for any interval 7 R.
Hence, du{ —z) = du(z).

We conclude from the above remarks that the basic composition for-
mula, Theorem 3.5, holds in the case of SO(2n+ 1) for all L, M e A, and
any even measure 4 such that the integral in (3.3) converges absolutely.

6.2. ExaMPLE. Let Z={(x,y)eR* |x+y| <1} and K: Z — R where
K(x,y)=[1—(x+y)*]1"". Then K is totally positive with respect to
SO(2n+1).

Proof. This follows from the basic composition formula with L(x, y) =
M(x,y)=e" and du(x)=1e ¥ dx.

Note that K is also totally positive with respect to U(n), that is, TP, in
the classical sense. This holds since L, M are totally positive with respect
to U(n) and since any positive Borel measure u is &, -invariant.

640:82:1-6
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6.3. Remarks. Suppose that K is totally positive with respect to
SO(2r+1), and f, g: R— R, are arbitrary functions. Then the function
Kix, y)=f(x]D) g(]¥]) K(x,y) is also totally positive with respect to
SO(2n + 1). This result follows directly from (6.1).

In particular, by choosing K(x, y)=e*", f(x)=g(x)=exp(x?), we
deduce that the function K(x, y)=exp((x+y)?). (x,y)eR> is totally
positive with respect to SO{2n +1).

Next we turn to the case in which U=SO(2n). Now the Weyl group
becomes W =SG(n), which we view as the group of permutations of the set
{1, .., n} together with an even number of sign changes. The parity of the
number of sign changes can be characterized by the constraint
£,£,---¢,=1. In analogy to (6.1) we have

Dy Kis, 1)
= > Y. (deta) [T K(s; eq05200)
gl= 11, ., ep=14+1 g &, Jj=1
&1 £y =1
Kis),e ) K(s,et) - K(sy,e,t,)

K(sz,.(:,t,) K(sz,.aztz) K(sz,.g"t,,) (6.3)

eran=1 K(s,.e,t)) Kis,,et) - K(s,,¢,,t,)

In the case in which K(x, y)=e¢" for x, ye R, we may proceed in a
manner similar to (6.2) to obtain

Dy K(s, t)=2" ' [det(cosh(s;;)) + det(sinh(s,z,))].

Then D, K(s, t) is positive for all s;> ... >s,_;>|s,] and ;> --- >
tn——l > ltn l

We now exhibit a function which is totally positive with respect to all
U(n) but not totally positive with respect to SO(4). This makes it clear that
total positivity with respect to U(n) is not the same notion as total
positivity for other compact Lie groups.

6.4. ExampLes. (1) Let K(x,y)=(1—xy)~ ', |xy|<1. It is known
[7,12] that K is totally positive with respect to U(n). We prove that K is
totally positive with respect to SO(5) but not totally positive with respect
to SO(4).
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Recall that a fundamental Weyl chamber for SO(4) is {(s,,s,):
$;>|s,] > 0}. By means of a straightforward calculation using (6.3) we find
that for s = (s, s,) and 1=(1,, £5).

2,2y —1 2,2y -1
Dy K(s, )=2(145,5,1,15) H _iét[%})ﬂ E: ”‘;;%;7, .
Therefore, K is totally positive with respect to SO(4) if and only if the func-
tion L(x, y)=(1—x?y?) " |xy| <1, is TP, (that is, totally positive with
respect to U(2)).

To prove that L is not TP,, we proceed as follows. Recall that a positive
function L is TP, if and only if the function f(x)= L(x, y,)/L(x, y,} is
monotone increasing whenever y, > y, (this is simply an alternative way of
stating that Lix,, y,)/L(x,,y,) = Lix,, v,)/L{x,,y5) for x;>x, and
¥, > ¥,). Here, we have f(x)=(1—x%7) "' (1 —x?%3), so that

2x(y;—¥3)
(I =23l —x7v3)

[log f(x)]' =

Therefore (log f(x)) <0, hence f'(x) <0, for x <0, and we conclude that
K is not totally positive with respect to SO(4).
In the case of SO(S), a calculation using (6.1) yields

| — g2y —§2!
Dy Kis, 1) = 45,552, 5 tl _;ét[‘%,.. f: —sli))" .
Since a fundamental Weyl chamber for SO(3) is {(s,,s;):8 >s5,>0},
proceeding as in the case of SO(4) we find that K is totally positive with
respect to SO(5).

(2) The difference between total positivity with respect to SO(4) and
SO(35) is only one instance of the difference between total positivity with
respect to the even and odd order orthogonal groups. We shall prove that
the function K{x, y)=sinh(xy) is not totally positive with respect to any
SO(2n). Starting with (6.3), and noting that sinh(ex) = ¢ sinh x for ¢ = + 1,
we see that in the case of SO(2n)

D, K(s t)= Y g, g, det(sinh(s;7,})

=2"""det(sinh(s,,)).

It was proved earlier that the function K is totally positive with respect to
SO(2n+1);, that 1is, this last determinant 1is positive whenever
§;>-->5,>0 and ¢,> .- >1t,>0. Consequently the determinant is
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always negative if s, > .- >s, ;>0>gs, and t,> --- >1,>0. Therefore,
D K(s, t) attains negative values on the fundamental region s,> --- >
$,_1>|s,] and t;,> - >1,_,>]s,], and K is not totally positive with
respect to SO(2n).

At this stage, all our examples have been of functions which are totally
positive with respect to Weyl groups of compact Lie groups. [t remains to
construct examples of functions which are totally positive with respect to
irreducible finite reflection groups other than Weyl groups of compact Lie
groups. From the classification theory described at the end of Section 2, we
find that this problem asks for examples of functions that are totally
positive with respect to finite reflection groups of type H? (with n >S5,
n#0), I, and /,. For instance, we conjecture that the basic example treated
in Proposition 6.1, K(x, y)=e™ for (x,y)eR? is strictly totally positive
with respect to all finite reflection groups. If this conjecture is correct, one
desires a proof that is valid for all irreducible finite reflection groups.

The case of root systems of type H? is particularly intriguing. In this
case, the conjecture of total positivity of the function K(x, y) =", x, ye R,
reduces to an unknown inequality for the classical Bessel functions.

6.5. Root Systems of Type H?. For n=5, n#6, a root system of type
H? is the set of vectors

4= {(cosjﬁ, sinjﬁ>:j=0, 1, .., 2n— 1}.
n n

A system of positive roots is

4, = {ej: (cosj—q, sinjf):j:O, 1,..,n— 1}
" n

a base for A is

n

lI’:{(I,O), <cos (n —nl)n,sin (n = l)n)}

and a fundamental Weyl chamber for 4 is
~1 —1)
€= {(S,,sz)e[RZ: 5;>90,s, cos Q——n—)—n-i»sz sin (l—z—)—ﬁ>()}.
7

A simpler formulation is obtained by identifying R? with C and using polar
coordinates. Then we may identify 4 with the set of unit vectors, 4=
{e/™ j=0,1, .., 2n— 1}, and make analogous identifications for 4, and
¥. The fundamental Weyl chamber is then identified with the set of vectors



TOTAL POSITIVITY 83

C={re:r>0, (n—2)n/2n<f<mn/2}, and the reflection group W is
realized as the dihedral group (with # reflections) acting simply transitively
on the set of Weyl chambers.

Working in polar coordinates with s=r e? and 7=r,e, C. Dunkl
pointed out to us that, after some elementary manipulations, the strict total
positivity of the function K(x, y)=e" is equivalent to the inequality

()™ & e
Z mi 2 Z (m+ljz,2,,,sm(jn()1)sm(jn()2)>0 (6.4)
m=0

whenever r,,r,>0 and 0 <#,, 6, <=n/n. Setting r=r,r,/2, replacing 6, by
#,/n, j=1, 2, reversing the order of summation, and evaluating the sum
over m, then (6.4) reduces to the inequality

2 1,(r)sin( j0,} sin( j&,) >0 (6.5)

ji=1

for r>0, 8,,8, <n, where I,(r) 1s the Bessel function of imaginary argu-
ment. Applying a theorem of Fejer (cf. Askey [1, Theorem 1.2] or Gasper
[4, (1.15)]), we deduce that (6.5) is equivalent to the inequality

> jl(r)sin j@ >0 (6.6)

j=1

for 0 <8< m r>0 It is unknown whether (6.6) is valid for general n, but
Gasper has shown us how to prove it for n=1, 2 using classical formulas
for the Bessel functions. In any event (6.6) is valid for n =1, 2, 3, 4, 6 since,
for these values of n, the dihedral group is the Weyl group of a compact
Lie group, so that Theorem 6.1 applies.

7. AN FKG-TYPE INEQUALITY FOR SO(5)

In the introduction, it was noted that the classical theory of total
positivity plays a central role in the derivation of correlation inequalities on
R”". Of fundamental importance in this area is the FKG inequality which
is applied in quantum physics to the study of phase transitions; and in
multivariate statistics for the construction of confidence intervals and other
inferential tools. In this section, we prove an analogue of the classical FKG
inequality using the concept of total positivity with respect to the Weyl
group of SO(5).

We first recall the classical FKG correlation inequality on R”
(cf [2,10,13]).
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7.1. DeriNTION. (1) For s=(s,, .., 8,) and t=(1,, .., ,) in R", define
the lattice operations v and A by

s v t=(max(s, t), .., max(s,, t,}), S A t=(min(s,, ), .., min{s,, 1,)).

(i) A function K: R" - R is multivariate totally positive of order 2
(MTP,) if for all s, t e R”,

K(s) K(t)y < K(s v t)K(s A 1). (7.1)
(iti) A function ¢: R*— R is increasing (decreasing) if ¢ is monotone
increasing (decreasing) in each component.

Note that for n=2, (7.1) reduces to the classical definition of TP,.
Further, it is well-known that a differential condition that characterizes the
positive MTP, functions is

2

Os,0s,

[

log K(s)=20 (7.2)

for all i+ [2, 10, 13].
The following result is the statement of the classical FKG inequality.

7.2. THEOREM [2, 10, 13]. Let K be a MTP, probability density function
on R If ¢ R2 - R, j=1,2, are both increasing or decreasing, then

JPR(b 5) ¢l ) ds = (J (- S)ds><f ¢l ds> (7.3)

whenever the integrals exist.

To develop an SO(5)-analog of the FKG inequality, we first need to
define the concept of multivariate total positivity of order 2 with respect to
SO(5). For n=2, we denote by w, the reflection acting on R" given by
Wo-(F1, by e ) =(—11, 5, i L)

7.3. DEFINITION. For n 22, a function K: R" — R 1s MTP, with respect
to SO(5) if
K(s v t) K(s)
K(t) K(s A t)

_\K(s v t) K(s)
Kiwy-t) Kwg-(sAl))

OSI

B ‘K( wo-(svi)) Klwg-s)
K(t) K(s At)

Kiwy-(s v 1)) Kiwg-5)
K(wg-1) Kwy- (s A1)

(7.4)
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Then the FKG inequality for SO(5) is as follows.

7.4. THEOREM. Suppose that the function K:R"— R is MTP, with
respect to SO(S). Assume that L(s)=K(s)— K(wq-s) is integrabie (or
without loss of generality, a probability density function) on the set S =
[seR"K(s)=Kw,-9)}. If ¢, R" >R, j=1,2, are both increasing or
decreasing on' S then ‘

J‘( & (5) Pals) Lis) ds = (f

S

@ (s) L{s) d.\')(L @-(s5) L(s) ds) (7.5)

whenever the integrals converge.

Proof. On expanding the determinants in (7.4) and collecting terms, we
find that (7.4) holds if and only if the function L(s) satisfies the classical
FKG condition (7.1); that is,

Lis)Lin<L{svLisat
for all 5, 1 e R". Therefore, (7.5) follows from Theorem 7.2.
7.5. ExaMPLE. Let n=2,0<p <1 and
K(x, y) =35 expl —Hx*+ %) + pxy)

for (x, y)e R? The function K is a constant multiple of the bivariate nor-
mal probability density function with mean (0, 0) and covariance matrix

s=(' )

Lix, y)=exp{ — ¥ x* + %)) sinh( pxy)

Then

so that S = {(x, y): x3 > 0}. Clearly, L is integrable on S. After normaliza-
tion of L, the FKG inequality (7.5) holds once it has been proved that L,
equivalently the function sinh(pxy), 1s MTP, on S. Without loss of
generality, we take p =1. To determine the subset of S on which the func-
tion sinh(xy) is MTP,, we apply the differential condition (7.2). Since

-

‘ﬁy log sinh(xy)= —

—

sinh(xy) = (2xy —sinh(2xy)) 2 0

2

for xy > 0. then it follows that L is MTP, on all of S.
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We can also obtain an analog of the Holley-Preston—-Kemperman
inequality [ 13, Theorem 2.2].

7.6. THEOREM. Let K|, K, be functions on R", n =2, such that
Kywo-(s v ) Ki(wgy:s)
K1) Ki(s A1)

Kylwy-(s v 1)) Ki(wg-s)
Ki{wy- t) Ki(wy (s A1)

(7.6)

<IK2(SV t) K, (s)

SUOKS) K(sAa)
Ki(svi) K\ (s) l

Kywy-t) Ki(wy-(s At))

Let Li(s)=K;(s)—K(wy-5), j=1,2, S={seR" L(s)>0, j=1,2}, and
assume that L, and L, are probability density functions on S. Then for any
increasing function ¢ on 'S,

j #(s) L,(s) ds <[ #(s) L,(s) ds.
S S

Similar to the proof of Theorem 7.4, Theorem 7.6 is proved by noting
that (7.6) is equivalent to

LysviyLisat)—Ly(t)yL,(s)=0

for s, te R", and then applying [ 13, Theorem 2.21.
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